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1. (a) Verify that -p A (=g V p) =-(p V @), not by making a truth table but by
using known basic logical equivalences. FE|EES WHEA] HWa FolA
expressionS 5 /L E3HA] 2.

p A (2 Vv p)

=(=p A =)V (=p A p) Distributivity
=(-p A -q) VT Contradiction Rule
==ap A Aq Contradiction Rule
=-(p V Q) De Morgan’s Law

o =

(b) Verify the following statement. 5=°1 %1 expressions S /=% 3HA] L.

A°N(B° U A)=(A U B).

A N (B°*U A=(A° n BY U (A° n A) Distributivity
=(A° N BY U Null Null Rule

=A° N B° Null Rule

=(A U B) De Morgan’s Law



2. Negate the statements. T} StatementE S H- 434 Q.
(@) There existsn € Zsuchthatforallx € R, x"<0.

Foralln € Z, there exists X € R such that x" >=0.

(b) All good things come to an end.

There is a good thing that does not end.



3. Verify that the given argument form is valid. Tt +=24 717} Valid $-%|

g,

Forallx € U,p(x) N q(x)
a e U

1. Forallx € U, p(x) N q(x)
2.a e U

3.p(@) N q@@)

4. Therefore, p(a)

Given

Given

Principle of Specification
In Particular



4. Prove or disprove the following assertions. Indicate the proof technique used. C}&

= 21l SYS oL FES oA L. SE/FEE YHS TR

(a) Let Aand B be sets. Show: IfA S B°thenANB=¢
Suppose A N B is not empty.
Then we have somex & ANB. Thus,x € Aandx € B.

Sincex € Aandx /B it follows A </B°

QED/ Proof with a contrapositive.

(b) Let R be a relation on real numbers, such that X R Y ifand only if x >y — 1.

Prove or disprove that R is reflexive, symmetric and transitive.
Reflexive: For all x, x > x -1 (direct)
Not symmetric: 1 R 0 but 0 R 1 does not hold (counter example)

Not transitive: 0 R 1/2 and 1/2 R 1 but 0 R 1 does not hold (counter example)

(c) Let X be the set of real numbers and define a relation R on X by, f R g if and only

if f(0) <=g(0). Prove that R is not a partial order relation.

R is not anti-symmetric.
For the functions f(x) = x and g(x) = -x, f(0) =0 =g(0) but f ~=g.
(counter example)



5. The following is an algorithm to convert a positive integer m to the base b integer
CnCn1...C1C0 (B m = b M2 YEhl+ dugFolth.

Input: m, b
Output: c, n

dec_to base b (m, b, c,n){

n=-1

while (m > 0) {
n=n+l // LSB first
ch=mmodb Il remainder
m=_m/b] I/ quotient

}

(a) What is the input that makes this algorithm run with the worst complexity? (¢] &
aeFol FHotol A= A HA sk dHa> FolA7)

(b) What is the worst time algorithm complexity in terms of n? (nS S1xl2 & 3t
Zoto]l 7492 Complexity:= F-S1¢1717)



6. What is the tight bound for the complexity function: log(i=.>" i). 1% g4=9]
Tight BoundS 3}A] 2.

1)
log(1+2+...+n) <log(n+n+...+n)=log (n-n)=1log n? = 2logn
O(logn) for all n>1

(2)
log(1+2+...+n) >log(n/2]+ ... +(n-1) +n)

> log (n/2]+ ... +[n/21+[n/2])

= log( (n+1)/21[n/2)

> log((n/2)(n/2))

= log(n?/4) = 2(logn) — log4

=logn + logn - 2 > logn for all n>4
Q(logn)

Therefore, ®(log n)



7. An association list is a list of correspondences of items from one set with items of
another. Write a recursive algorithm, called AL, that constructs an association list
between two lists.  You can assume the number of elements of each input list is always
the same. If needed, use the functions below (like First and etc.) for devising your
algorithm.

2

W e golel elas} FelAd £AYR Aol 5E @ B 42

Z]o] Association List & W=+ recursive 3 LA FS (°]5: AL) RA L
a5t o}z First 04 grs & T AU

Example input and output of AL:
AL(xyz][123]) > [[x1] [y 2] [z 3]]
AL (null null) = null
AL ([1] [a b]) = such input is not possible in the first place
(hzel o1 dFe E7H5 73)

Functions you can use:
First(L) => returns first element of list L
Rest(L) = returns rest of list L
Listp(i) = returns whether i is list or not (true or false)
Nullp(i) = returns whether i is null or not (true or false)
Insert (p, L) = inserts pair p into list L
e.g. Insert ([ab], [[cd] [ef]] = [[ab] [c d] [e f]]
Pair-list (x y) = returns a pair list composed of x and y
e.g. Pair-list (xy) = [x V]

AL (L1, L2) {

if Nullp(L1) then return null;

else if Nullp(L2) then return null;

else return Insert ( pair-list( first(L1), first(L2) ),
AL( rest(L1), rest(L2)))



8. (a) Let L be the set of all strings, including the null string A, that can be constructed
by repeated application of the following rules ( L = t}2 &l ol wso &
F U= RE ~Egolt} (null 2E¥ F3}), o] o baabab e LE H.o]A| L):

A. Ifael,thenaob € L and baa e L.
B. IfaelLandp eL,thenaf L.

Show that baabab < L.
Ans)
A € L (Given)
—=blael (RuleA)

= ba e L.

Similarly, ab € L.
— baab ab € L (Rule B)

(b) Using matrix representation and computation, determine if R = {(w,w), (W,y), (X,X),
(y.y), (z,2)} is a partial order. 3 HS o] &3} R ©] Partial order A= HOJA L.

Ans) It is a partial order. In matrix representation,

)
1]

L Y Sl I S
o I e
[

Lo e e I ]
Lo e I S e

Since the main diagonal is all 1, R is reflexive. And because R(1,2) !'= R(2,1), it is
antisymmetric. Finally,

| i N ]
[

Lo e I SR
L Y Sl Y SN ]

Since all entries in R corresponding to the non-zero entries in R?are also non-zero, it is
transitive. Therefore, R is a partial order.



9. [EXTRA] Cite examples of computer systems (software or hardware) which use the
following concepts of discrete mathematics you have learned in Chapter 1 through 4.

13| A 4347A] wfE- WgE0] ojH FHFE AZEY oY st=9¢o] A2E
of A& 75 3712

(@) Logic, rules of inference, mechanical proof

Data mining, program correctness, data base, Al

(b) Relation

Data base systems

(c) Algorithm complexity (one hint: what might we be able to do with algorithms with
extremely high complexity?)

Cryptography

(d) Recursion

Al, Fractal art, automatic music composition, ...



